Recent studies of universal parametric correlations in quantum chaotic spectra have revealed an astonishing connection to an integrable one-dimensional quantum system. We introduce a continuous matrix model which establishes a direct connection between the quantum Hamiltonian and the exact eld theoretic description of spectral correlations. This reveals a common mathematical structure which underlies quantum chaos, matrix models, and a quantum Hamiltonian.
Studies of correlations in the spectra of quantum chaotic systems revealed a striking connection 1] to an integrable one-dimensional fermionic model 2]. However, this connection was made as a conjecture which was supported by comparing the asymptotics of two-point functions. In this paper we prove the conjecture by showing that properties of the integrable quantum Hamiltonian and the spectra of non-integrable systems can be obtained from a continuous matrix model. This provides a new way of determining universal correlations in chaotic spectra which is extendible to higher order correlation functions, and completes an investigation which reveals a common mathematical structure underlying branches of theoretical physics ranging from one-dimensional interacting fermionic systems, matrix models (of random surfaces), to the universal spectral correlations of quantum chaotic systems. To assist our discussion Fig. 1 shows a schematic diagram summarizing the web of connections of di erent models. Di erent links in the diagram are referenced (I-X) throughout the text.
We begin with a brief review of universality in quantum chaos. Suppose a non-integrable Hamiltonian, H is acted upon by an external perturbation controlled by a parameter, U. For example we might examine, H(U) = + U c ; (1) where belongs to one of the Dyson ensembles 3], and c is some xed hermitian traceless matrix from the same ensemble. Non-integrability of H causes the energy levels, E i (U) to disperse as a function of U into a manifold of separated levels. According to WignerDyson statistics 3] rescaling the energy levels by the local mean level spacing, i = E i = eliminates the dependence of equal U correlations on detailed properties of the system. By further rescaling the perturbation by the mean-square gradient of the levels 4],
the statistical properties of the entire random functions i (u) become universal and dependent only on the symmetry of the Dyson ensemble. The statistical averaging denoted by h i can be performed over a typical range of levels and/or U 5]. The universality has been veri ed numerically (I) for several chaotic systems 6] including quantum billiards 4, 7] , hydrogen in a magnetic eld 8], and strongly correlated many-particle systems 9]. However, if averaging can be performed over a statistical ensemble, the universality can be con rmed analytically (II). After rescaling both random matrix ensembles 3] and weakly disordered metals 10,4] display the same universal two-point density of states autocorrelator,
In fact, k(!; u) and its higher order generalizations can be expressed through a non-linear supermatrix -model (III) which shows universality to extend to correlations of more than two densities of states.
Remarkably, the expression for k(!; u) describes exactly the two-point particle density correlator of an integrable one-dimensional system of fermions interacting through an inverse-square pairwise potential 1] when the separation in position, and imaginary time, have the association (IV), ! $ ; u 2 $ 2 :
The correspondence of the two-point function was checked only in the limits of large and small . Its origin, and with it the equivalence of higher-point functions remained an open question.
Our main result will be to show that both the fermionic Hamiltonian and the -model can be derived from a continuous matrix model. Furthermore the correspondence extends to all higher order correlation functions, thus proving that the connection of the fermionic model to the problem of level statistics in quantum chaotic systems is exact. If we interpret the matrix model as a path integral it describes the quantum mechanics of an N N matrix , governed by the Hamiltonian,
According to the symmetry of , the Hamiltonian is invariant under global SO(N), SU(N), or SU(N) SU(N) rotations for orthogonal ( = 1), unitary ( = 2), or symplectic ( = 4) ensembles respectively.
In the limit N ! 1 the angular degrees of freedom of the matrices which diagonalize
give an exponentially small contribution and attention can be restricted to the \singlet" com- 
H C describes the motion of particles with an inverse square pairwise interaction in the presence of a background potential V ( i ). A Jordan-Wigner transformation can be used to assign arbitrary statistics to the hard-core particles. When the potential is Gaussian, 
generates a probability distribution which coincides with that of Gaussian random matrix ensembles. The mean particle density corresponds to Wigner's semi-circular density of states distribution 3], and the mean interparticle spacing at the origin, is determined by,
Although the Hamiltonian depends explicitly on the form of V ( i ), in the thermodynamic limit (N ! 1) correlation functions become universal on a scale comparable to the mean particle spacing. The role of ! 0 is merely to x . Equivalently, to order 1=N the form of the correlation functions can be preserved by removing the con ning potential and constraining the particles to move on a ring. The resulting distribution corresponds to Dyson's circular ensemble 3]. More generally the potential smoothly regulates the average density with particles lling the potential energy surface up to some Fermi energy. To order 1=N the local value of is xed and correlation functions again coincide with those of the circular ensemble. Formally the universality of the large N limit can be seen from renormalization group arguments as a ow to an attractive Gaussian xed point of the potential 16].
As N ! 1 we thus expect the correlation functions of H C to coincide with the Suther- 
In the second part of the paper we will describe how a supersymmetrical eld theory can be used to determine the m-point correlator of Green functions, 
we can obtain an expression for h0jf m j0i which is exact to order 1=N. The method requires a generalization of the supersymmetry approach 10] in which the problem of evaluating averages reduces to the study of a non-linear supermatrix -model (for a pedagogical description of this approach as applied to the problem of random matrix ensembles we refer to Ref. 17] ). The details of the calculation will be presented elsewhere. Performing the path integral over generates an interaction of the elds . The interaction can be decoupled by the introduction of 4m 4m Hubbard-Stratonovitch elds Q.
By making use of Eq. (14) we obtain an expression for h0jf m j0i in the form of a supermatrix The correlators of the Sutherland Hamiltonian and the quantum chaotic spectra of Eq. (1) can be regarded as special cases for which there are (m ? 1)(m ? 2)=2 constraints on p .
However, for each case the set of constraints are di erent. While the solution to the general problem uniquely determines the correlators of H S and Eq. (1) we note that the reverse statement does not apply. This achieves our main objective of showing that the problem of universal level statistics in quantum chaotic systems and the ground state correlations of H S are related through the -model. We emphasize that the continuous matrix model is qualitatively di erent from the random matrix model of Eq. (1). The non-linear relationship between u and is a manifestation of this di erence. For the two-point function, k(!; u) a parameterization of Q can be found in which the de nite integration can be performed analytically. The results of such a calculation can be found in Ref. 4] .
To complete our discussion of the connections in Fig. 1 we focus on alternative approaches to level dynamics. Pechukas has shown 18] that the dispersion of the energy levels of a non-integrable Hamiltonian in response to an external perturbation can be expressed as a set of rst order di erential equations (VII), which were later shown to be integrable 19]. The equilibrium statistical mechanics of the \Pechukas gas" becomes equivalent to random matrix theory (VIII) if we accept a statistical hypothesis 20] . Recent studies by Narayan and 
